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Abstract
In this paper we present a limit model for nonsymmetric elastic beams obtained from the three-dimensional problem
using an asymptotic method in the framework of the linear theory of elasticity. We completely characterize the rst- and
second-order displacements and the rst-order stress eld, giving results related to existence, uniqueness and convergence
for solution of the limit models. c© 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
Asymptotic methods have been widely used for obtaining and mathematical justication of beam
models in the framework of mathematical theory of elasticity during last years. First fundamental
contributions in this direction, any of whose basic ideas already appear in Rigolot [8], were obtained
by Bermudez{Via~no [5] with the justication of the classical one-dimensional Bernoulli{Navier{
Euler model for the bending of linearized thermoelastic beams by the asymptotic expansion method
introduced by Ciarlet{Destuynder [7] for plates. The application of this method to dierent situations
(linear and nonlinear elasticity, anisotropic and composite materials, static and dynamic cases: : :) has
yielded important contributions. A complete analysis of rod models with exhaustive bibliographic
references may be found in Trabucho{Via~no [9].
All of the above works have been exclusively devoted to the study of symmetric beams, that is,
when the axes are a principal system of inertia associated with the beam (one of the axes passes
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through the mass center of the cross-sections of the beam). The case of nonsymmetric beams has
so far remained, as far as we know, completely unreported. The aim of this paper is the obtention
of a mechanical model for nonsymmetric beams in the framework of linear elasticity. In Section 2
we describe the physical problem, we state the mathematical model by an asymptotic analysis of the
three-dimensional problem and we give several technical results. In next section we introduce the
asymptotic development and we present the corresponding problem for each term of such expansion.
In Section 4 we obtain the limit problem that characterizes the rst term and we study existence,
uniqueness and convergence of solution. Finally, in Section 5 we obtain the characterization of the
second term of the asymptotic expansion. Any of the results presented here was previously announced
in [3].
2. Modelling of a nonsymmetric beam
Let  and L be two positive real parameters. Let h1; h2 2 W 2;1(0; L) be two \thickness" functions
verifying:
h(t)>> 0; 8t 2 [0; L]; = 1; 2: (1)




 = f(x1; x2; x3): 0<x3<L; 0<x < h(x3)g: (2)
We denote by n=(ni) the outward normal vector to the boundary of 

 and by @i v the derivative
@v=@xi . Here and along the whole work we use, as it is customary in elasticity theory, the summation
convention on repeated indices, supposing the Latin indices range over f1; 2; 3g and Greek ones over
f1; 2g.
We study the physical problem corresponding to the mechanical behaviour of a nonsymmetric
elastic beam, supposed to be clamped at both ends and submitted to body and surface forces.
We assume the constitutive material of the beam to be a homogeneous isotropic elastic material
of Saint Venant{Kirchho’s type with Young’s modulus E and Poisson’s ratio . Thus, on the
linearized elasticity framework, the displacement eld u and the Piola{Kirchho stress tensor  are
the solution of the following problem (see, for instance, [6]):
− @jij = fi in 
; (3)








 0 = f(x1; x2; x3): x3 2 f0; Lg; 0<x < h(x3)g;
 1 = f(x1; x2; x3): x3 2 (0; L); x1 = 0; 0<x2<h2(x3)g;
 2 = f(x1; x2; x3): x3 2 (0; L); x2 = 0; 0<x1<h1(x3)g;
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 3 = f(x1; x2; x3): x3 2 (0; L); x1 = h1(x3); 0<x2<h2(x3)g;
 4 = f(x1; x2; x3): x3 2 (0; L); x2 = h2(x3); 0<x1<h1(x3)g;
  =  1 [  2 [  3 [  4:






















This problem can be reformulated using the following Hellinger{Reissner mixed variational form
(cf. [6]):
u 2 V (













































) = fv  (vi ) 2 [H 1(
)]3: vi = 0 on  0g;
(
) = [L2(
)]9S = f  (ij) 2 [L2(
)]9: ij = jig:




 = ! (0; L)
and we dene
 0 = ! f0; Lg;
1 = f(x1; x2): x1 = 0; x2 2 (0; 1)g;  1 = 1  (0; L);
2 = f(x1; x2): x1 2 (0; 1); x2 = 0g;  2 = 2  (0; L);
3 = f(x1; x2): x1 = 1; x2 2 (0; 1)g;  3 = 3  (0; L);
4 = f(x1; x2): x1 2 (0; 1); x2 = 1g;  4 = 4  (0; L);
= 1 [ 2 [ 3 [ 4;   =  (0; L):
We introduce the change of variable from the xed domain 
 to 
:
: x (x1; x2; x3) 2 
! (x1; x2; x3)
= (x1h1(x3); x2h2(x3); x3)  (x1; x2; x3)  x 2 
: (10)
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Then, for each function  : x 2 
 ! (x) 2 R we denote by  the new function  : x 2 
 !
(x) 2 R given by =   , i.e.:
(x1; x2; x3) = (x1h1(x3); x2h2(x3); x3):
This function veries the following properties, where dependence on variables x or x are implicitly
assumed and not displayed:
@= h@

















































2 − 184(h0)4 +    :
Now, we scale the dierent elds appearing in the variational formulation. Thus, we dene u() and
() by
u()(x) = u(x
); u3()(x) = u3(x
); (11)
()(x) = −2(x
); 3()(x) = −13(x
); 33()(x) = 33(x
): (12)
We also assume that the applied forces are such that
f(x
) = f(x); f3(x
) = f3(x); (13)
g(x
) = 2g(x); g3(x
) = g3(x); (14)
where fi 2 L2(
); gi 2 L2( ) are independent of .
Then, we obtain that (u(); ()) is the only solution of the following scaled variational problem
posed in 
:
u() 2 V (



































 dx = 0; 8 2 (
); (15)

























) = [W (
)]3 = fv  (vi) 2 [H 1(
)]3: vi = 0 on  0g;
(
) = [L2(
)]9S = f  (ij) 2 [L2(
)]9: ij = jig;












 @v3 + @3v − xh−1 h0@v]; (18)
e33(v) = @3v3 − xh−1 h0@v3: (19)
In order to state the limit of the scaled three-dimensional problem as  tends to zero we are
going to show several technical results. The proof of these results is completely similar to the case
of nonsymmetric plates as can be seen in [4]. In what follows, j  j0;Q and k  km;Q denote the
L2(Q)-norm and Hm(Q)-norm, respectively.
Theorem 1.
[H 1(
)]3 = fv  (vi) 2 [L2(
)]3: eij(v) 2 L2(
)g (20)














; v 2 [H 1(
)]3
is equivalent to the usual norm k  k1;
 in [H 1(
)]3.
If we introduce the space of Bernoulli{Navier displacements:
V BN(
) = fv  (vi) 2 V (
): e(v) = e3(v) = 0g (21)
we have the following characterization.
Theorem 2.
V BN(
) = fv  (vi): v(x1; x2; x3) = (x3);  2 H 20 (0; L);
v3(x1; x2; x3) = 3(x3)− xh(x3)0(x3); 3 2 H 10 (0; L)g: (22)
As an immediate consequence we have the following results.
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Theorem 3. The seminorm j  j
 dened by












is a norm over V (
) equivalent to k  k1;
 :
Corollary 4. The mapping




is a norm over V BN(
) equivalent to the norm k  k1;
.
Corollary 5. The mapping k  kBN dened by (cf. (22))
v 2 V BN(
)!k v kBN =fk 1 k22; (0; L) + k 2 k22; (0; L) + k 3 k21; (0; L)g1=2
is a norm over V BN(
) equivalent to the norm j  j
 and; consequently; to the norm k  k1;
.
3. The limit problem
In order to obtain the characterization of the limit problem we assume the asymptotic expansion:
(u(); ()) = (u0; 0) + 2(u2; 2) + 4(u4; 4) +    (23)
and substitute this expression into the scaled variational problem (15){(16). Thus, we obtain that







033 − @3u03 + xh−1 h0@u03






























 @v + h
−1





































h1g3v3 da; 8v3 2 W (
): (28)
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 @v + h
−1









































2g3v3 da; 8v3 2 W (
): (33)







































































 @v + h
−1

















4gv da; 8(v) 2 [W (
)]2; (37)























4g3v3 da; 8v3 2 W (
): (38)
4. Characterization of u0 and 033
Using the asymptotic development method we obtain the following characterization of the limit
problem:
Theorem 6. If the system of applied forces veries
f 2 L2(
); g 2 L2( ); f3 2 H 1(0; L;L2(!)); g3 2 H 1(0; L;L2());
then the limit displacement u0 belongs to space V BN(
); that is
u0(x1; x2; x3) = (x3);  2 H 20 (0; L); (39)
u03(x1; x2; x3) = 3(x3)− xh(x3)0(x3); 3 2 H 10 (0; L); (40)
























































The shear stress component 033 2 L2(
) is given by
033 = E(
0
3 − xh00 ): (45)



















fM + E[h1h2h( 1203 − 13h00 − 14h00)]0g: (47)
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 = 0; thus
u01 = 1 + x2h2z; u
0
2 = 2 − x1h1z; ; z 2 H 10 (0; L): (48)





 − xh−1 h0@u0 = 0: (49)
Substituting expression (48) in this equation we obtain @3z = @u03 = 0: Since z 2 H 10 (0; L); @3z = 0
implies that z = 0: Thus,
u0 = ;  2 H 10 (0; L):
On the other hand, from @u03 = 0 we have
u03 = 3 − xh0; 3 2 H 10 (0; L);  2 H 20 (0; L):
From (24) we obtain:
1
E
033 − @3u03 + xh−1 h0@u03 = 0; (50)
which gives (45) and (46).
Taking in (28) v3 2 H 10 (0; L) as a test function we obtain Eq. (41).
Taking now in (27) v 2 H 20 (0; L) as a test function and in (28) v3 = xhv0 as a test function we
obtain Eq. (41).





For the limit problem we have the following result of existence and uniqueness:
Theorem 7. The limit problem (41){(42) admits a unique solution (i) in the space [H 20 (0; L)]
2 
H 10 (0; L): Moreover; it is equivalent to the following dierential problem:
− E[h1h2h( 1203 − 13h00 − 14h00)]00 = F +M 0 in (0; L); (51)
− E[h1h2(03 − 12h00 )]0 = F3 in (0; L); (52)
i(0) = i(L) = 0(0) = 
0
(L) = 0: (53)
Proof. The coupled limit problem (41){(42) is equivalent to:

















h1givi da; 8v 2 V BN(
); (54)
This problem has a unique solution u0 2 V BN(
); as a consequence of the Lax{Milgram theorem,








; 8v 2 V BN(
):
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Finally, we obtain the following convergence result, whose proof is similar to the ones of
Bermudez{Via~no [5] or Trabucho{Via~no [9]
Theorem 8. If the system of applied forces veries:
f 2 L2(
); g 2 L2( ); f3 2 H 1(0; L;L2(!)); g3 2 H 1(0; L;L2());
then we have the following convergences as ! 0:
u()! u0 in V (
); (55)










3()* q0 in L
2(
): (58)
5. Characterization of u2 and 0i
Using the asymptotic development method and introducing the auxiliary functions as given in [9]:




1 − h22x22) =−22(x1; x2; x3);
12(x1; x2; x3) = h1h2x1x2 = 21(x1; x2; x3);








2)− 16 (h21 + h22);
the new Timoshenko’s functions (x1; x2; x3) = (x3)(x1; x2) are the solutions of
−h2h−11 @11 − h1h−12 @22 =−2h1h2h(x − 12 ) in ! (0; L);
h2h−11 @1n1 + h1h
−1
2 @2n2 = 0 in  (0; L);Z
!
 = 0 in (0; L);
the functions (x1; x2; x3) = (x3)(x1; x2) are the solutions of
−h2h−11 @1(@1 + h11)− h1h−12 @2(@2 + h22) = 0 in ! (0; L);
h2h−11 (@1 + h11)n1 + h1h
−1
2 (@2 + h22)n2 = 0 in  (0; L);Z
!
 = 0 in (0; L);
the functions 1(x1; x2; x3) = 1(x3)(x1; x2) are the solutions of
−h2h−11 @1(@11 + h21h01x21)− h1h−12 @2(@21 + h1h2h02x1x2)
=− (2h1h2h01 + h21h02)(x1 − 12 ) in ! (0; L);
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2 (@21 + h1h2h
0
2x1x2)n2 = 0 in  (0; L);Z
!
1 = 0 in (0; L);
the functions 2(x1; x2; x3) = 2(x3)(x1; x2) are the solutions of
−h2h−11 @1(@12 + h1h2h01x1x2)− h1h−12 @2(@22 + h22h02x22)
=− (2h1h2h02 + h22h01)(x2 − 12 ) in ! (0; L);










2)n2 = 0 in  (0; L);Z
!




















we obtain the following characterization
Theorem 9. If the system of applied forces veries
f 2 L2(
); g 2 L2( ); f3 2 H 1(0; L;L2(!)); g3 2 H 1(0; L;L2());
then
(a) The limit displacement u2 is of the form
u21 = z1 + h2x2z − [h1x103 − 100 ]; (59)
u22 = z2 − h1x1z − [h2x203 − 200 ]; (60)
u23 = z3 − hxz0 + U3; (61)
with
U3 =−wz0 + 3003 + (1 + )0303










f−h−12 @2	z0 + [h−11 ((1 + )@1 + @1) + 1]000
+2(1 + )x1h01
0




g+ h−11 @1w0; (63)




fh−11 @1	z0 + [h−12 ((1 + )@2 + @2) + 2]000
+2(1 + )x2h02
0




g+ h−12 @2w0: (64)
(c) The plane stress components 0 takes the form
0 = 













(1 + )(1− 2)(z
0
3 − xhz00 + U 03 − xh−1 h0@U3); (67)
where
(1) The warping function w(x1; x2; x3) = w(x3)(x1; x2) is the unique solution of
− h2h−11 @11w − h1h−12 @22w = 0 in ! (0; L); (68)
h2h−11 @1wn1 + h1h
−1
2 @2wn2 = h
2
2x2n1 − h21x1n2 in  (0; L); (69)
Z
!
w = 0 in (0; L): (70)
(2) The torsion function 	(x1; x2; x3) =	(x3)(x1; x2) is the unique solution of
− h2h−11 @11	 − h1h−12 @22	 = 2h1h2 in ! (0; L); (71)
	 = 0 in  (0; L): (72)
(3) The additional warping function w0(x1; x2; x3) = w0(x3)(x1; x2) is the unique solution of
w0 2 H 1[0; L;H 1(!)];
−h2h−11 @11w0 − h1h−12 @22w0 = h1h2f3 − F3 in ! (0; L); (73)
h2h−11 @1w







g3 in  (0; L); (74)
Z
!
w0 = 0 in (0; L): (75)
(4) The twist angle z(x3) is the unique solution of















[h2(a)001 (a)− h1(a)002 (a)]; a= 0; L (77)





(x2h2f1 − x1h1f2) + h2
Z
1[3

























































(5) The second-order bending z(x3) and the second-order stretching z3(x3) are the unique solution
of the coupled problem:

























































0(a) + H(a)003 (a)























0(a) + H(a)003 (a)











; a= 0; L; (82)



































h1h2fE(U 03 − xh−1 h0@U3) + 0g:
(6) The fourth-order displacement u  (u(x3)(x1; x2)) is the unique solution of:





































(x2u 1 − x1u 2) = 0 in (0; L): (84)
Remark 1. Although we do not present here the proof of previous theorem, because of its excessive
length (the proof of a similar result for symmetric beams can be seen in [9]), it is important to
remark, in order to obtain existence and uniqueness of solution for the coupled problem (78){(79),
that such problem is equivalent to the following formulation:






















h1h2fE(U 03 − xh−1 h0@U3) + 0ge33(v) dx; 8v 2 V BN(
):
Remark 2. Previous models can be extended to the evolutive case and the nonlinear one by following
the techniques exposed in [1,2].
Remark 3. The limit model (41){(42) is suitable for the study of optimal shape problems, similar
to those presented in [4] for the modelling of a nonsymmetric plate.
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